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Correlation effects in small angle scattering

The neutron-optical potential of a medium through which neutrons propagate
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potential of grain
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In the continuum limit f—>0 Q—0, f/Q=c=const

Correlations in the scatterers distribution
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Scattering in Born approximation — single scattering

Intensity of single SANS

L@=|f(a),  f(a)=- *re” U (r)

Scattering amplitude on the sample

f(q)= ﬂhzjd?’re 'qunU (r—x)= Zne “f,(q)

We must perform occupation numbers averaging

a)=|f,(a) %:<nxnye‘i<1(x—y)>



Scattering in Born approximation — single scattering

In continuum limit we get
(@)= N[y (a)] +[fa (@) [dxd®yC, (x,y)e 0
V

For isotropic sample C,(x,y)=C,(x-Y)

,(q)=N \ f, (q)\2 {1+ cdeXCZ_(Z)()eiqx}
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Scattering in Born approximation — single scattering

At large distances  C,(x) —> ¢’

(@)= N[ fo (@) {1+c (08 +c5, <q>},

C,(¥)

C2

»2(X) = 1.

At g=>2z/D we obtain Zernike-Prins equation
form factor

/
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structure factor

sinqr
qr

,(@)=N|f(q) {1+ CT47zr2dr



Scattering in eikonal approximation — multiple scattering

Scattering amplitude impact parameter
kO ) /
f (0) =2 dp[ S (p)=1]exp(-icip),
27! U(r) =Y nU,(r-xa,)
se)exp| -i [ 20 ‘{
Y
wave vector neutron velocity

The normalized angular distribution of neutron momentum is studied

D(@)=2(a) /%, (@) =]T@)[, Z,=]Z(a)d’a/k"

The theoretical analysis can conveniently be carried out for the Fourier transform

D(E)=X(&)/Z,, X(8)=[exp(-iqe)X(q)d’q/k?, X, =2(&=0)



In the case of

a system with an uncorrelated random scatterer distribution,

the exact result can be obtained using the relationship

g g

Averaging with the use of this formula gives

D(8) = D, (€) =exp(—cl (o, —(€))).

This equation coincides with the standard result of the Moliere theory.

(04

For a high scatterer concentration the many-body distribution function cannot
be factorized into a product of one-particle functions.



Inthe Presence of correlations we expand D(&) in powers of occupation numbers.

exp(z nXRXj =TT[1+n, ™ -1 ]=

X

:1+;nx(eRX ) anny( )(R—1)+...

Xiy

(1)

Introducing  Q, (&, @) =exp(R, (0,&,))—1 andaveraging Eq.(1) term by term over
the occupation numbers distribution, one obtains in the continuum limit

D(&) = D(&)exp( [doxdys(x,y)(Q,Q) +
+7 j d*xd’y((QQ,) —(Qu),(Qy) )+ 0(c3)]

C,(¥)

C2

2(X) = 1.




Monodisperse system of scatterers.

The scatterers are supposed to be identical spheres with radius a. Setting
U,(r,a) =U,9(r <a),

and taking into account that there is no internal variable o, one obtains

D() = Dy(© expB(K(&) - om»}

K(8) = [d2x[ 2o, (x - YDQ,()Q, @), #6(X)= [ dze(\? +77)

—Q0

Q. (&) =exp[-ip(x~£/2) +ip(x +&/2)] -1,

o(X) = Y, vai—x*3(x < a).

vV




New approach

Let us rewrite Zernike-Prins formula in the form

1,@) =22 = (@) 1+ of dre (1) + 05, (@)

and substitute it in the Moliere formula instead of differential cross-section

| (x) = exp(-le(T, (x = 0) = T, (x))) = 1, () exp(-Ic? (A(x = 0) — A(x)))

100 = [ Gte @)+ o] Ll ['re s (r)oa) - 1, () -eA00)



Scattering amplitude on one inhomogeneity in Born approximation
f . ko d2 iqy dz
(@) =->[d’ye¥p(y).  o)=[2U(y.2),
27T hv
Differential cross-section

k? i (v, —
yied LG VATV

o(q) =
qu —igx 2 A1
A(x)=jk—02e ¥ [ d?re' 2, (r)o(q) =

= j d?y,d?y, ¢, (| X =Y, +Y, No(y,)eY,).



Intensity of scattered neutrons.
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Intensity D, (q) of scattered neutrons for samples with the Born parameter
v=0.2, effective thickness I, = I/l., and different filling volumes of scatterers..
(1)l,=40and n =0; (2)l,=40and n=0.3; (3) I, =40and n=0.5;

4)l,=20and =0; (5) l,=20and =0.3; and (6) |, =20 and = 0.5.



Double crystal diffractometer schematic.
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M and A are monochromator and analyzer crystals,
S is a sample and D is a detector.

a, Is an angle of rotation, 05 is the Bragg angle. 1) Instrumental line of DCD /()
Intensity of neutrons on the detector D at A=175A "

Is measured as a function of rotational

2) becomes SANS curve when a sample is
angle a, of the analyzer.

placed between crystals
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MuaTeHcuBHOCT, MHOTOKparHoro MYPH, nuzMmepsemas Ha IBYXKPUCTAIbHOM
mudpaxrometpe. Kparnocts paccesuus N = 10, 6opHoBckuit mapamerp 0,3.
Pacrnipenenenune paccenBarenei 1o pazMepam Jor-HOpMaJIbHOE CO

cpenHnM paguycoM 1 MM u aucnepcueii 0,2 MKM?,

Yepnas nunaus — paxrop 3anonnenus 0,1. 3enenas - ¢paxrop 3anonHenus 0,4.
Kpachas - pakrop 3anonnenus 0,6.



Intensity of unscattered neutrons
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Pair correlation function of identical hard spheres.
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VYmoBoe€ pacrpeesieHue, U3MEPEHHOE Ha ABYXKPHUCTAIIbHOM
CIICKTPOMETPE:

1(q) :jf dkD, (g — k)1, (k) =%decos(qx)D(x,O) 1, ()

rie  1y(X) - dypbe-oGpas nucrpymenTansaoil mummn |, (k)

JlanHoe pacnpenenenue yaoOHO MPeICTaBUTh B BUJIE

Dy(q)=Fdé(q)+FK(a) 1(q)=Fl,(q)+1,(q)

| E(x=0>j

Oy

F :exp(—I

C



DKCIIEPUMEHT

B kauecTBe 00pa3110B UCIOIB30BAINCH K MOPOIIKH Al u
MOPOIIKY criiaBa T1-Zr

[Tpumep m3o00paxkenns nopomka Al, moaydeHHOTO Ha
MOHHOM MHKPOCKOIIE



PacnpeneneHue mo pazmepam
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[ mcTorpamma pacrpeaeneHus o paauycam IrpaHyil
nopomka Al (Toukn), ¥ e¢ anmpoKCUMAaIIHs
pacnpeaencHusmu 1) Ilyaccona u 2) nor-HopmMaibHBIM.



[IInpuua yrioBeix criektpos MMYPH
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3aBUCUMOCTh IIUPUHBI YINIOBBIX CIEKTpOB MMYPH 0T KOpHS KBagpaTrHOTO M3 MACCHI
nopoimika Al. Touku — skcieprMeHTaIbHbIC 3HaYeHUs, PacueT o Teopun Moibep 1) B
NPUOIMKEHUH MOHOAMCIIEPCHOTO TTOPOIIIKA, 2) JJIsI TOJTUAUCIIEPCHOTO MTOPOIIIKA C
pacopenenenueM llyaccona. Pacuer ¢ yuetom MUMU 3) miist pacnpenenenus [lyaccona,
4) nis JIOr-HOPMaJIbHOTO PacIpeeICHHUS.



3aBUCUMOCTD IIMPUHBI KpruBOort MYPH ot
OTHOIIICHHS MacC OPOIIKOB T1-ZI' 1 aTFOMUHUS
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| — paccesstHue Ha unctom TI-Zr; || — mocoiitHoe pa3melneHue o0pasiios
quctoro Al (My=M,) u Ti-Zr (M4, =SM,) ¢ poctom Sot 1 10 7;
11l — cMech moponikoB amfOMuUHUS U T1-ZI ¢ TEMH K¢ MaccamMu



Hannuue Mexx4acTUYHON MHTEPPEPEHIIUN XapaKTEPU3YET
PA3HOCTH NIMPUH JUHUN HA CMECU U HA CJI0AX MOPOIIKOB

B 2 2
Dp = \/a)mix o a)layer

Jlns onenku mpuHsl TMHUKA MY PH Ha paz0aBieHHOM MopoIike
JIOTUYHO UCIIOJIB30BaTh CYMMY (V)5 U LIUPUHBI PACCESHUS Ha
YHUCTOM ITOPOIIKE AJTFOMUHUS

B 2 2 2
W = \/a)mix B a)layer T Wy

YuuteiBas, 4TO yrioBoe pacnpeneicaue MYPH 3anumaer
IIPOMEKYTOUHOE PACTIOJIOKEHUE MEXK Y JIOPEHIIEBOU U
rayCCOBOM, MOXHO JJIs1 OLICHKU NIUPUHBI UCII0JIb30BATH

0 = (a) T a)|0l’) / 2 Dor = Wiy — a)layer T Wy



H3meHnenue mmpunbl kpusort MMY PH nipu
YMEHBIIIEHUM KOHIIEHTPAILIMHA PACCENBATEIICH

@

28
24—

20- O

16 - Q n

12 - ®

3aBUCHMOCTH IIUPHHBI @ (yII1. cek.) kpuBoit MMYPH ot
cootHomrenus: SMacc Al u Ti-Zr ipu /7, = 625 Mr, BEIYHUCICHHAS U3
ONBITHBIX AaHHBIX MO popmyrie (19) - Touku (o) u o Gopmyiie (20) —
TO4KH (m). JInHUA — pacyéTHasi 3aBUCUMOCTD



3aKAIOUECHHUE.

I ciydasi, Korja pacCeasHWE HEWTpPOHA HA OJHOW HEOJHOPOIHOCTH MOKHO
paccmaTpuBaTh B TNPUOMMKEHUUM JUpakivy, NOPUMEHEH HOBBIA IOJIXO0J
noctpoeHusa teopun MMYPH. IlpeanoxkeHo HOBOE €IUMHOE OIMCAHUE CIIYy4acB
OJHOKpPATHOIO Y MHOTOKPAaTHOTO MAaJIOYIJIOBOrO paccesHus. Ha oCHOBe
dbopMau3Ma YHCEN 3alOJHEHHS W METOJa KOHIICHTPALIMOHHOTO Pa3JIoKEHUs
IIOCTPOCHA TEOPUS OJHOKPATHOTO U MHOTOKPATHOI'O MaJIOYIJIOBOTO PaCCESHUA.
[IpemnoKeH HOBBIM MOAXO0/ K aHAIIM3Y MHOTOKPATHOT'O MaJIOYIJIOBOTO PaCCESHUSA
HeltpoHoB (MMYPH) Ha ocHOBe cuHTE3a TEOpUM OJHOKPATHOI'O PACCESTHUS U
teopun Monbep. [IpomemMoHCTpupoBaHa B3aMMOCBSI3b OATOTO MMOAXOAA C
umMmerolencss teopuerik MMVYPH, ocHOBaHHOM Ha NPUMEHEHUM SUKOHAIBLHOTO
MPUOTUKECHUS.

B sKCnepuMEHTAIBbHO  pealM3yeMoM  mOpeneiie  JUPpakuuh  MOJYyYEHO
TEOPETUYECKOE 00BACHEHHE OOHApYyKeHHOTO APdekta cyxkenus: suanu MMYPH,
MU3MEPSIeMON Ha JBYXKPUCTAIBHOM JTU(PPAKTOMETPE, MPU BHICOKOW KOHIICHTpAIIUU
pacceuBareneil. JlokazaHo, 4TO MpUYMHON 3P(deKTa CIYyKUT YBEIUUCHHE YHUCIIA
HEpPACCEeSHHBIX  HEWTPOHOB  BCJCACTBHE  IPOCTPAHCTBEHHBIX  KOPPEJSAIIHi
paccenBarolnX LIEHTPOB.



total scattering
Cross section

dP(e,l)
dl

——CO't[P(O,l)—IG

~_°

differential scattering
Cross section

d29!

@P(ﬂ',l)

number of scatterers
per cm3

probability to find
a neutron at angle 0

distance from
the sample surface

Equation is translationally invariant.

It can be solved by a Fourier transform.

P(0,1) = j d 2u exp(iu®) exp(—cl[o(0) — & (u)])

1
(27)°

o(u) =

j d’0exp(-iu)o(0)



Multiple SANS. Moliere’s formula.
| Basic assumption: scaterers are uncorrelated. |

For small angle scattering qLlk,
/

[scattering vector ] [ wave vector of incident neutron ]

_ K- ko
ko
The scattering problem is equivalent to diffusion in the plane of 0

Two equivalent approaches

N
e e

et us introduce a vector 0

1k,
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